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1. Introduction 



Although string theory compactifications with background fluxes are a quite old field of 
research, there has been renewed interest in the subject after it was recognized that one 
can use background fluxes for moduli stabilization [1-4]. Even more attention was turned 
to flux compactification after it was understood how to use G-structures and generalized 
geometry for its description (see for example [5-8] and references therein). 

In [9, 10] G-structures were used to describe vacua of type IIA and heterotic flux 
compactifications that break supersymmetry (SUSY). This was achieved by allowing four 
dimensional domain walls to be no longer BPS objects and was therefore dubbed domain 
wall SUSY breaking (DWSB). It was also possible to construct explicit examples of com- 
pactification manifolds that give rise to stable DWSB vacua. An interesting question that 
arose is whether one can extend these examples also to the strong coupling limit. 

As the strong coupling limit of type IIA and E8xE8 string theory is M-theory [11-14] 
this question can naturally be analyzed in an M-theoretic setting. Also here the use of G- 
structures turns out to be essential. The analog to Calabi-Yau (CY) compactifications in 
string theory would be in M-theory to compactify on manifolds with G2 holonomy. But like 
in the CY case such an approach does not allow for non-vanishing flux. To include fluxes it 
is necessary to consider manifolds with G2 structure instead of G2 holonomy. Interestingly, 
seven dimensional G2 structure manifolds always allow an SU(3) structure [15, 16] defined 
by an invariant one- form v. Identifying the direction distinguished by v with the extra 
dimension that becomes compact by going from M- to string theory suggests that one can 
compare M-theory compactifications on seven dimensional SU(3) structure manifolds to 
string compactifications with six dimensional SU(3) structure [17-26]. 

To arrive at the DWSB solutions in [9, 10] the action was written in terms of an 
effective scalar potential. It was then shown with the help of the Bianchi identity for 
the flux that this potential can be brought into a BPS-like form, which means that the 
potential consists only of terms that are squares of SUSY conditions. Differently stated 
a BPS-like form makes it explicit that the Bianchi identity and SUSY guarantee that the 
equations of motion (EoM's) are satisfied. So, a first step in the analysis of the strong 
coupling extension of the results of [9, 10] would be to establish a BPS-like potential for 
M-theory. 

We will study in this paper whether such a BPS-like potential is available for the 
low-energy limit of heterotic M-theory, i.e. for eleven dimensional supergravity living on a 
space with two boundaries. Indeed, we will show that in general it is not possible to bring 
the action of Horava-Witten theory into a BPS-like form. However, we will show that a 
BPS-like form is available for a large class of seven dimensional compactification manifolds 
and also that a reduction to ten dimensions gives back the results of [10]. 

This paper is organized as follows. In section |2| we give a short review of heterotic M- 
theory. In section [3| we derive an effective scalar potential and show that the EoM's derived 
from this potential are equivalent to those obtained from the original action. Section |] gives 
the most important facts on G2 and SU(3) structures in seven dimensions. In section || 
we rewrite the scalar curvature R of the compactification manifold in terms of the SU(3) 
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structure forms. The SUSY conditions for our compactification of Horava-Witten theory 
are reviewed and newly analyzed in section ||. In section ^ the results are gathered in order 
to show that a BPS-like potential is not possible in general. The conditions under which 
such a potential can be achieved are also given there. We close the paper by discussing 
various limits in order to give crosschecks for our previous results. These crosschecks all 
turn out to be successful. Most importantly we show that our ansatz gives back the results 
of [10] once reduced to ten dimension. Our conventions are summarized in appendix [A|. 
Appendix |B| gives more details on the calculation of R in terms of G2 structure invariants 
and appendix |(J gives the complete list of SUSY conditions on the flux we found. 

2. A short review of heterotic M-theory 

As was shown by Horava and Witten [12,13] the strong coupling limit of heterotic string the- 
ory can be described as eleven dimensional supergravity with two ten dimensional bound- 
aries. The action of this theory can be split into a bulk and a boundary part. The bulk 
action is the standard action of eleven dimensional supergravity [27] 

5 ° = T~2 I dvo111 ( fl(U) " 2 l Gll l 2 ) ~ T~2 I C11AG11AG11 , (2.1) 

X11 Xn 

where C\\ is the three- form potential for the four-form flux G\\\ dCn = G\\. In addition 
to the fields in the bulk there is a gauge field contribution on each boundary given by 

S b = - ^(^) 2/3 E / dvol 10 , P (Tr^ - i T r(4-) )2 ) . (2 . 2) 

p - 1,2 Bio, P 

The two-forms J- p are Eg field strengths and the trace Tr over the gauge fields is related 
to the trace in the adjoint representation by Tr = ggtr a( }j. The trace of the curvature 
two-forms is defined to be 1 

Tr^) 2 := - (R^Yj4R { ; 0) ) J i = l(R { ;%JKL(Ri l0) ) IJKL • (2.3) 

One should note that the boundary terms come with an extra factor of ft 2 / 3 and lead to a 
perturbation of the bulk theory. In particular dCn is only the leading contribution to G\\ 
and it is not possible to set G\\ to zero identically. Also the Bianchi identity for G\\ gets 
contributions from the two boundaries. 

For our later calculations it is worthwhile to note that one can view Horava-Witten 
theory from two different perspectives. In the so called upstairs picture one considers as 
eleventh dimension the orbifold S1/Z2 and identifies x 11 ~ x 11 + 2irp ~ — x . This gives 
two fixed ten dimensional hyperplanes at xj 1 = and x^ 1 = ftp on which the action 5& 
lives. The Bianchi identity reads then up to (D(k 2 ^ 3 ) 

^(dGnWnd*^ = "^(^) 2/3 E S^-xj^TrT^ - ^TrR™ AR^) , 

i=l,2 

(2.4) 



1 For a list of our notational conventions, see appendix ^| 
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and the four-form flux G is fixed to be 

1 / K \2/3 r „11 



(Gu)ijkl = - T^ff V k* n )K« - f-CA-W + A^jl (2.5) 



16-7T \47r/ 



7rp 



IJKL 



1 / K \ 2/3 

(Gn)/j/oi = 2 9 [7 (Cu) JK]11 - Y^tJ 



\ 4- < ; (2) 



for x G [ — vrp, 7rp] . The step function e(x) is —1 for x < and 1 for x > and the if ^ 
are defined to be 

= d4 p) = TrJp A Jp - ^Tr^ 10 ) A fl< 10 ) . (2.6) 

In the downstairs picture one takes as eleventh dimension an interval of length up 
with the hyperplanes as boundaries. The action So has then to be supplemented with 
appropriate boundary conditions for the fields [13,28]. 

In order to obtain heterotic supergravity one has to reduce the bulk action dimen- 
sionally and take the limit p — > 0. Then the flux (Gh)ijkl becomes zero and the two 
pieces of the M-theory boundary action will combine to give the 0(a') terms of heterotic 
supergravity. 

In order to make contact to the results presented in [10], one has to deal with two 
subtleties. Firstly, in heterotic flux compactifications it is useful to use a torsionful connec- 
tion w+ in order to construct the Tri? 2 term (see e.g. [29-31]), while in M-theory one uses 
the Levi-Civita connection. However, as the connection is not essential for anomaly can- 
cellation [32,33], it is possible to use the torsionful connection also in heterotic M-theory. 
Thus one should replace R with R + = R(oj+ ) in the boundary action ( [2.2; ) and the Bianchi 
identity ( |2.4| ) if one wants to make contact to heterotic flux compactifications. Secondly, 
in order to put the action into string frame one has to perform a Weyl transformation of 
the metric (see e.g. [34,36]). This will lead to additional contributions coming from the 
TrR 2 ^ term. Since these terms are of fourth order in derivatives and are not necessary 
to ensure anomaly cancellation, we will consider them as higher order contributions and 
neglect them in our discussion. 



3. Scalar potential and equations of motion 

We are interested in the question whether it is possible to rewrite the action of Horava- 
Witten theory in a BPS-like form. Since in the end we want to consider compactifications 
to four dimensions, we will rewrite the action as a four dimensional integral over an effective 
potential along the lines of [9,10]. We then show that the equations of motion derived from 
both formulations are equivalent. Therefore it will be sufficient to check whether the scalar 
potential can be brought to a BPS-like form. 

3.1 The scalar potential 

Considering compactifications respecting four dimensional Poincare invariance metric and 
flux should be decomposed as 

ds 2 ! = e 2A d§l + ds 2 . , (3.1) 
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Cu = ^(C^)^dx^ + ^C mnp dx mn P 



G 



11 



1 

4! 



Advo l 4 + _ Gmnpqdx ™ P i , 



(3.2) 



(3.3) 



with A being the warp factor, ds| the metric of a maximally symmetric four dimensional 
space-time, and ds 2 the metric of the seven dimensional manifold M. ft is a real constant 
and G is the four form flux in the seven internal dimensions. Then the bulk action becomes 



S 



1 



2 At 2 

2/i 2 
1 

2^2 



dvoU / dvoly 



„2A 



+ e 4A (i? - 8VM - 20d^ z - 2\G\ d 



x 4 



M 



AfiC^*G) 



dvoL / dvol 



(3.4) 



„2A 



m - v 



dvoU Vq . 



M 



X 4 



Here R denotes the Ricci scalar of M and /i = e p,. All fields except the unwarped four 
dimensional curvature depend only on the seven dimensional internal space M. 
On the boundary the metric splits into a ten and a one dimensional piece 



ds 2 n 



ds w + v ® v , 



(3.5) 



with ds 2 the metric on the boundary. As we explained in section |2| a rescaling of g\o — > 
g' 10 = e _<J <7io, which is necessary to reach the string frame, will only introduce terms with 
four derivatives, which we neglect in our analysis. The metric g' w is compactified according 
to 



d(s'io) 1 



e 2A dsl + d(s 



I \2 



(3.6) 



where A' is a shifted warp factor A' = A + ^a. Taking this into account, the boundary 
action can be written as 



5,, 



1 



K \2/3 



K-'(l-) 



/ dvou 



dvol' 6)P e 



4A'-3ct 



Tr(^ 6) ) 2 



Be, p 



l|e-2^^)_i2| d 1 
24 1 



'|2|2 



4e" 2A (V i V j e A )(V 4 V J e A ) - 8 \dA'jH\ 



'} . (3.7) 



Here we used that the E$ gauge fields are confined to the internal space 

T = jr(6)_ The 

appearing three form field Hijk = Gmjk was used to construct the torsionful curvature 
tensor R + in the same way as the Neveu-Schwarz three form is used as torsion in the 
heterotic string. Note that we kept four derivative terms in this expression although we 
discarded them in our previous discussion. We do this only in order to compare to the 
results found in [10] for the heterotic string. 

The action can thus be written as a four dimensional integral over a scalar potential 



S = ~ J dvol 4 V 

x A 



j dvol 4 (Vq + V b , 



(3.8) 



X A 
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combining the contribution from the bulk Vo and from the boundary V&, respectively, which 
are given by 



In 



2 k 2 



dvob 



e 2A R^ 



e 4A (R-8 V A A - 20 dA z -2\G\' Z - 2fj? - 4/x Gj * G) 



M 



1 / K \ 2/3 



87TK 2 V47T 



£ J dvol^e^{(Tr(J-( 6 )) 2 -iTr(<: 



(3.9a) 
(3.9b) 



_L| e -2A'^(4) _ 12 \dA'\ 2 \ 2 -4e~ 2A ' (ViV^'XV'vV) - 8|d^^| 2 } . 



3.2 Equations of motion 



We will now show that the equations of motion derived from (3.8) are consistent with the 
full eleven dimensional equations coming from ( |2.lD and ■ In order to proof this we will 
make use of the downstairs picture. Setting the variation of the fields at the boundaries 
to zero, as is usual, we are left with the bulk action plus boundary conditions [28]. Since 
these boundary conditions will not change in going from eleven to four dimensions we only 
have to consider the bulk part of ( |3.8| ). 

Varying ( [2.1| ) with respect to the metric g^ 11 ^ and the three form potential C\\ one 
obtains 



V 1 ' : 



R 



(ii) 



M N 



I (11) 

o 9mn 



2 (lmGu)-i(inG 



Uj 







fl( u > - 2|G n | 2 
d* u Gn + Gn A Gn = . 

Restricting ( [3.10 ) to internal coordinates MN = mn and inserting ( |3.3D leads to 



Rmn — 4e ^VmVne' 4 — 2 L m GjL n G 



(3.10) 
(3.11) 

(3.12) 



2 9mn 



e -2A£(4) + R _ 8V 2 A _ 2QdA 2 _ 2fi _ 2 \G\ 2 ] = . 

Taking the trace of ( 3.10[ ) over its external indices one finds 
6VV A = ^ + 2e 2A (R + 2^- 2\G\ 2 ) . 
Furthermore, inserting ( p.3[ ) into the equation of motion for Gn ( p.ll| ) gives 

d* G = - 2/xG . 



(3.13) 



(3.14) 



These are exactly the EoM's that one obtains if one varies the bulk part of (^^) with 
respect to the internal metric g mn , the warp factor A, and the flux G, respectively. Thus by 
inserting our compactification ansatz into the equations of motion of the eleven dimensional 



theory we obtain the same results as if we vary (3^). We will therefore work with the 
effective potential instead of the full eleven dimensional action. 
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4. G2 and SU(3) structure for seven dimensional manifolds 

We will review in this section some points concerning G2 and SU(3) structure on seven 
dimensional manifolds which will become important later on (see e.g. [15,16,18-26]). A G2 
structure manifold is completely determined by its invariant three form </>, or equivalently 
by a globally well defined SO(7) Majorana spinor r\. Normalizing this spinor such that 
||?7|| 2 = 1 these quantities are related by 

i> = ^ rfj m n P Vdx mn P *cf> = lft = -I^t 7mnp?r?dx mnp ? _ (41) 

For a manifold of G2 holonomy d(j) = dip = would hold. The departure from holonomy 
can be measured by the G2 torsion classes 

d(j) = TQip + ^Ti A(p + *T 3 , dtp = 4ti A ip + t 2 A <j) . (4.2) 

Inverting (|4.2j) it is possible to express the torsion classes in terms of (ft and ip 



tq = = d^j^ , n = ~ T2 d ^ = 1~2 d ^ J ^ ' ( - 4 ' 3 '' 

T~2 = - {dlpJ(j) — * dlft) — 2 T\ J(j) T3 = * dtp — Tq 4> + 3 T\ Jlp . 

= — * dip + 4tij0 , 

An SU(3) structure can be obtained with the help of a globally defined invariant one form 
v, either by suitable contractions of <j) and ip with v, or due to a modification of the spinor 
•q. Since this spinor will appear also later in the SUSY transformations we choose the 
second description and define 

1 z 1 z 

rj + = -^=e^(l+v m i n )ri, rf + = ??_ = eT (1 - v ml m ) 77 . (4.4) 

Here Z is a real function and v m denotes the components of v. With these two spinors one 
can construct several new forms on M 

S P = ^Iju^V+dx^-^ , t p = ^ V l lni ... npV+ dx n ^. (4.5) 

From these the forms £2 and £3 can be related to the SU(3) structure forms J and ft, 
while £1 is proportional to v 

v = e _z £i, J = ie" z £ 2 , ft = ie _z £ 3 . (4.6) 

A detailed calculation shows that J and ft satisfy indeed the SU(3) relations 

1 i 
J A ft = , dvol 7 = v A dvol 6 = —.v A J A J A J = - - v A ft A ft , (4.7) 

3! 8 

and that ft is a (3, 0) form with respect to the almost complex structure defined by J 
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Furthermore, v is perpendicular to J and Q and thus M looks locally like the direct product 
of an SU(3) structure manifold and a line. Writing the G2 spinor rj in terms of 77+ one gets 
from ( |4,1| ) the connection between the G2 and the SU(3) forms 

cj) = v a J + ReO , 1/1 = - J A J + v A Imfi . (4.9) 

Like in the G2 case the departure from SU(3) holonomy is measured by torsion classes. 

dv = RJ + VijU + VijU + v A Wo + T x (4.10) 
dJ = - -Im^O) + W 4 A J + W 3 + vA (-ReEJ + V 2 jSI + V 2 jO + T 2 
df) = Wi J A J + W2 A J + W 5 A + v A (E - 4y 2 A J + 5) . 

Here R is a real scalar, while W\ and E are complex scalars. W5, V\, and V2 are (1,0) 
forms, while Wq and W4 are real one forms. W2, T\, T2 are primitive and (1, 1). W3 and S 
are (2, 1) + (1, 2) and primitive. All degrees of the forms are understood with respect to the 
almost complex structure defined by J and f2. Note that while W\ to W5 are also present 
in the six dimensional case, the other torsion classes are special to seven dimensions and 
describe the embedding of the SU(3) structure manifold into M. With this tools at hand 
we turn now back to the effective action. 



5. The Ricci scalar of G2 manifolds 

A main obstacle in the analysis of (|3.8| ) is the seven dimensional Ricci scalar R. Fortunately 
all the information encoded in the metric g of a G-structure manifold is also contained in 
the forms invariant under G. Therefore one can express the Ricci scalar equivalently well 
in terms of these forms, as was done in [9, 10] in the context of string compactifications to 
four dimensions. In this section we are going to show how this works for compactifications 
on seven dimensional manifolds with G2 structure. 



5.1 R in terms of G2 structure 

The Ricci scalar for G2 structure manifolds was worked out by Bryant [16] in terms of 
torsion classes 

R = -12 *d*Ti + ^T 2 + 30|T 1 | 2 -i|T 2 | 2 -i|T 3 | 2 . (5.1) 

o 2. 2. 



Due to the complicated dependence of T2 and T3 on (j) and tp given in (4.3) this seems not 
to be a very pleasing formula. But with a little algebra that is given in appendix [B| it is 
possible to show that the absolute values of the torsion classes are not independent 



|r 2 | 2 = |dV>| 2 " 48| n | 2 (5.2) 
|r 3 | 2 = \dcj)\ 2 - 36 H 2 - 7|r | 2 . 
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Thus the scalar curvature R can be written as 



49 n 

R = 12Jri + — r n 2 + 72|ri| 



2 - \ IdVf 



1 



(5.3) 



and depends only on </>, -0 and their exterior derivatives. 
5.2 R in terms of SU(3) structure 



Although equation ( |5.3| ) provides a good description for i? as a function of 4> and ^ this form 
is not convenient for our purposes as we are interested in manifolds with SU(3) structure. 



The next task is thus to decompose <j> and tp according to (4.1) and find the expression for 
R in terms of v, J, and f2. A lengthy calculation provides the building blocks of R 



\v A dJ — RedO 



\dv A J — Redftl 2 + |Redft| 2 + 2 \dv A j\ 2 



+ \dvjv — dJjj| 2 — Idvjvl 2 — IdJjJl 2 



(5.4) 



- d J 2 + dv A Im 0, 



+ dv_iv + Imd$7jlm0 



Im dtljv 



dvjv 



Im dfijlm 



+ 



2 dj2 ^ 



-dJ 2 jv -Imdtt 
2 



(5.5) 



1 

4 
1 

+ 4 
1 

+ 4 



d J 2 j J 2 - Re dQj(v A J) + du jlm O - 2d-uj-u - Im df2 jlm O 

2 



dJ 2 j(uAJ 2 ) - Imdfij(uAlmO) 

2 1 



2 1 

+ I6 



Im dftjJ 2 



16 



ImdSlj(J 2 + 2v MmO) 

2 



(5.6) 

2 



2dJ*_i(u A J z ) + Imd^j( + 2v A Im 0) 



2dvjJ + - Re dOj J 2 - d Jjlm Q + Re dftj(u A Im ft) 
2duj J + Re dflj J 2 - - Im[dOj(u A H)] 



(5.7) 



d^V* = ^d J 2 j J 2 + d^jlmfi - -v(lm dO j J 2 



Redfij(u A J) 
— 2d^jt; — Imdfijlmfi — v (lmdil_i(t> A ImO)) , 



(5.8) 



which are at this stage not very illuminating. 2 Most of the appearing parts are square 
terms, but there are also a lot of linear contributions coming from dip^ip. Also, in order 
to check for a BPS-like potential we have to know whether the square terms vanish if we 
impose super symmetry. To this end we turn in the next section to the investigation of the 
SUSY conditions. 



2 Note that dJ 2 j(v A Imfi) = -2Redfij(t; A J). 
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6. Supersymmetry conditions 



Eleven dimensional supergravity comes with one Majorana spinor e as SUSY generator. 
In Horava-Witten theory the SUSY variations of the gravitino ^ m an d the gauginos Xp on 
each boundary are given by 



6* 



M 



Vm + ^ (r M NPQR - 8$r">*) (GnhPQR 



e, (6.1a) 



$Xp = -\{T IJ F pU y ■ (6.1b) 

In [24] it was shown that there are three ways to decompose the spinor e such that one 
obtains an SU(3) invariant SO(7) spinor that can be identified with rj + . The possibilities 
are further restricted to two if one wants to consider N = 1 SUSY in four dimensions. 
Finally, to describe heterotic M-theory one is restricted to use a decomposition into a 
chiral 4d spinor x+ an d f/+ 

e = x+ ® V+ + X- ® V- = X+ ® T/+ + c. c. . (6.2) 



Using this split the gaugino variations can be rewritten with the help of ( (4.6[ ) and yield the 
well known conditions that J- p is (1,1) and primitive with respect to J 

T p jJ = Jp 2 ' = j£' 2 = . (6.3) 

The eleven dimensional gravitino variation gives rise to two sets of conditions 3 



6*^ = => e- A w r]* + + I ?A+ -<? + -£■ ) r] + = (6.4a) 



6* m = V m 7/+ = ^ (ip 7m + 8 G mpgr7 wr - G npqrlm n ^ r ) i 1+ . (6.4b) 

The first of these equations will give algebraic constraints on the flux G\\. Easily to see 
is that a contraction of ( |6.4a ) with leads to fj, = 0. Therefore we will consider only 



internal four flux and set /i = in what follows. The second one translate into differential 
conditions on v, J, and O. Similar analyses have also been performed by [18-22,24], whose 
results are equivalent to our results. 

6.1 Differential conditions 



Contracting ( |6.4b ) with T7+7 ni ... nj) _ 1 and anti-symmetrizing over all indices gives the exte- 



rior derivatives of S p . Exchanging rj + with ij+ yields the derivatives of S p , which can be 
converted with (|4.6|) into the derivatives of v, J, $7, and their wedge products. Further- 
more, dZ = dA and d(v A J) = dv A J — v A d J demands that u>o = 0. For supersymmetric 
vacua we are thus dealing with compactifications to warped Minkowski space that obey 



'Here we used the AdS killing spinor equation V M x+ — l/S^oTVX- 
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only internal flux and whose internal manifold has to satisfy the conditions 4 



e 



e 



- 2A d(e 2A v) (6.5a) 



- 3A d(e 3A fl) (6.5b) 

~ AA d(e 4A j) = 2*G (6.5c) 

' 2A d{e 2A J A J) = -4vAG (6.5d) 

d(jAJAj) = -12?; A J AG. (6.5e) 

6.2 Conditions on the flux 

Acting on (6.4a) with 77+7 rai ...n p _i an d i]+ln 1 ...n p - 1 gives various constraints on the flux 



e 



e 



which we listed in appendix ^|. Most important of these are the three restrictions 

S 3 jG = 0, S 4 jG = 0, S 5 jG = -3E cL4. (6.6) 

Splitting the flux G into parts proportional and perpendicular to v, G = F + v A H, and 
decomposing F and H under SU(3) 

F = A 1 JAJ + A 2 AJ + BAn + BAll; (6.7) 

H = Ci n + dQ + C 2 A J + c 3 

one finds that B = and C\ = 0. 5 Hence F is (2, 2) and H is (2, 1) + (1, 2). Furthermore 
the exterior derivative of the warp factor is determined by A\ and C 2 

2 

d.4 = 2A 1 v + -C 2 -iJ = aiv + a 2 ■ (6.8) 



Plugging (^T0|) and (|^) into (U) 

one obtains all SUSY conditions in terms of torsion 

classes 

R = , Vi = T x = , W = 2 a 2 , (6.9) 

Q 

£ = ReE = -6^1 = -3ai, W x = -Ci = = R, V 2 = B = 0, 

W 4 = -^W = -\c 2 aJ, W 2 = S = 0, T 2 = -2A 2 , 

ReW 5 = -C 2 jJ, ImW 5 = - C 2 , C 3 = ^ va * W 3 . 

This will turn out to be useful in our discussion of the scalar potential. 

7. Is a BPS-like potential possible? 

We are now ready to discuss whether a BPS-like potential is possible for compactifications 
of M-theory to four dimensions on SU(3) structure manifolds. This would then be the 
case if the scalar potential ( |3.8| ) could be written as a sum of perfect squares containing 
the supersymmetry conditions (|6lf). We will first consider the bulk potential and turn 
afterwards to the boundary contributions. 

4 To obtain these simple expressions one also have to make use of (3.4a). 

5 Ai is a real and Ci a complex scalar, respectively. With respect to the almost complex structure defined 
by J and Q A2 is primitive and (1, 1), B is (1, 0), C2 a real one-form, and C3 is (2, 1) + (1, 2) and primitive. 



- 11 - 



7.1 Bulk potential 

Since we know from section |6] that a super symmetric vacuum must have \i = wq = we 
focus on these settings. This means that and the both terms containing fi vanish in 
(3.9a) and we can start with 



V = - 

M 



^ J dvol 7 e 4A (R - 8V 2 A - 20 dA 2 - 2\G\ 2 ) , (7.1) 



Comparing the formula for R ( |5.4| ) with ( |6.5[ ) we see that in order to possibly match the 
differential supersymmetry conditions we have to insert the right powers of e A into the 
exterior derivatives of v, J, and Q, respectively. This will obviously lead to terms linear in 
dA. Defining 

dv = e~ 2A d{e 2A v) , dfi = e- 3A d{e 3A n), (7.2) 

d J = e~ 4A d(e 4A J) , d,P = e- 2A d(e 2A J 2 ) , 

we find in particular 

d<p(dv, dn, dJ) = d<j)(dv, dh, d 3) - 6 dA A v A J - 3dA A Refi , (7.3) 
dip(dv, dQ, dJ 2 ) = dip(dv, dh, dJ 2 ) - dA A J 2 - 5 dA A v A ImU . 



Additional linear terms will come from the derivative piece of R in ( |5.3|) after a partial 
integration. In order not to be bothered with boundary terms, we switch to the upstairs 
picture. We can then write 6 

J dvol 7 e 4A {i? - 8V 2 A - 20dA 2 } (7.4) 

M 

= f dvol 7 e 4A {i|d«| 2 - l -\dj>\ 2 - ]^\di,\ 2 + \ \dh^\ 2 



M 



- \S\dAjv\ 2 + 3 Re dVLj [dA Av A J) - 3(dAjv) dJjReO + 6dtij(di Au) 
+ - (dAjv)Re[dn^(v AO)] - 3(d^ A dv) jlmfi} . 

Here d(p and dip are shorthand notations for d(p(dv,dCl,dJ) and dip(dv, dCl, dJ 2 ), respec- 
tively. Clearly, all but the first four terms of this expression vanish at most linear if the 
conditions ( |6.5D are imposed. If it is not possible to cancel them, then a BPS-like form of 
V will not be available. 

In order to see if such a cancellation happens we have to involve the flux in our 
discussion. The first four terms of ( [T.4|) contain exterior derivatives dJ and dJ 2 . If SUSY 
is to be maintained after the compactification these should be proportional to the flux G. 
Inserting G will also lead to contributions that do not vanish quadratically under SUSY. 
Schematically these contributions will look like 

\dJM + V\ 2 = | (dJ - 2 * G)jU + V\ 2 - 8| * GjU\ 2 - 4 (* GJJ) j(d JM + V) (7.5) 



'Here we used (dJjv )_iReQ = — Redf2j(u A J). 
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and could eventually cancel the terms in ( |7,4[) . But as it turns out a direct insertion is very 
cumbersome and not very enlightening. 

Instead, we split the derivatives of v, J, and O in their parts proportional and perpen- 
dicular to v 



dv 
dJ 



dvj_ + v A (dvjv) dCl, 
dJ± + v A (d Jjv) dJ 2 



dtt ± + v A (d&jv) (7.6) 
dJ 2 ± + v A (dJ 2 ju) . 



In particular, it is the fact that dJj_ will vanish for supersymmetric vacua due to dJ 2 = 
—Av A G that simplifies the calculation. The square terms in ( |7.4| ) can be brought to the 
form 



,2 _ , rl 



— [ d.0j_ I -(RedfLu)j -RedOju + (di)jv) A J- dJj_ 



(7.7a) 



|d^ ± | 2 + Imdfij.j[J A (dJjv)] - 3(dAjv)Imdn ± jJ 2 
|dJ 2 jv| 2 - RedfL(u A J A (dv.iv)) , 



(7.7b) 



-\d$j,i> 



1 



dJ 2 j(v A J 2 ) j ^dJ 2 j(u A J 2 ) - (lmdO_i_jJ 2 



+ 



= -\dip±ji/)\ + - 

Redfij(v A J) j ^Rednj(v A J) - d£_L_iImO - ^dJ|jJ 2 + -Re(dfi_L_iQ) + 2d£ju 



(7.7c) 



Id^j^l = -\d4>±^\ + -Tm[d£lj(v A n)] x -Im[dfij(v A 0)] - 2d£ ±J J - Redft ± jJ 2 
8 8 L4 



Note that in each expression there is one term including d4>± = 
di/)± = dtp(dv, dOj_, dJ\). We find that in the combination of these 



(7.7d) 

d(p(dv, d£l±, dJj_) or 



1 



1 



1 



1 



-\dif>±jifi\ +-\d(f> ± ^\ --\d(f>j_\ --\di>. 



(7.8) 



1 



1 



2^ 2' 

1 1,1- 2 1 
dt>ji> 

2 1 1 2 



dft 



|2_ I| d J 2 | 2 + I 



- dJ\ j J 2 - - Re(d^ ± jO) - di)jv 
1 



1 



+ - \dQ i jJ 



2|2 



|d{ij.r - 2(d{;_LjImO)j(di;ji;) + -(Redftj. AdiMjJ 3 - 6d£j(d,4 Au) 

6 



only the last term and |dJj_| 2 do not vanish quadratically when supersymmetry is imposed. 
Note that in order to obtain this form we used the identities 



1 



ImdO_L_i[(du_L_iImfi) AlmQ] + -(dv ± ^J)(Re dtt ± jJ 2 ) - Re dO ± _j(dv± A J) 



(7.9) 



1 



(Re d£l± A dv ± ) _j J 3 



df A Imfi 



6 

Id^jImSl 



2 du jv\ 



\dv A J 



dvj J 



\dv±\ +2\dvjv\ 
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Since in the end we will integrate over the whole expression we can even get a further 
simplification using partial integration and the fact that 2 (dv±jlm O) _i(d£_iu) = (dv A 
dv) j(v A ImO) 



e dCt i A dv i 



jJ 3 



(dv /\dv)_i(v AlmO)| 



3 / e 4A (d^Adi)) J Imfi . (7.10) 



A7 



This will cancel exactly against the last term appearing in ( |7.4| ). We thus conclude that we 
can neglect all terms including dv± in (7.8) except for — i|d£j_| 2 as long as we also neglect 



the term — 3(dA A dt>)_ilmf2 from (7.4). We also see that the last term of (|7.8| ) will cancel 
against a term in (|7.4|). 

Examining the rest of ( 7.7a| ) - ( 7.7cj ) we find only six more terms that do not vanish 
quadratically under supersymmetry 



Re dQ j (v A d Jj_) , [J A (dJjv)] jImdQ_L , 



- - \dJ 2 jv\ 



(7.11) 



^|dJ 2 >AJ 2 )| 2 



dJ 2 j(v A J 2 ) 



j(lmdO ± jJ 2 ) , - 3(dAjv)lmdnjJ 2 . 



This means that due to the split (ffl|) we have reduced the number of squares that do not 
vanish under SUSY, and which thus should be combined with G flux, to three. To check 
whether from these terms can come contributions that cancel the other linearly vanishing 
expressions, or if some of them cancel themselves, we will in the end expand all expressions 
in terms of the SU(3) torsion classes ( 4.10| ) and use the SUSY conditions in the form (|6.9|). 

But before we do so it is important to note that we have not yet used the Bianchi 
identity of the four-form flux G. In [9,10] the use of the Bianchi identity was a keystone in 
order to obtain a BPS-like potential. We follow these references and implement the Bianchi 
identity by a partial integration 

Jdvo\ 7 e 4A { -i|dJ ± | 2 -2|G| 2 } = y"dvol 7 e 4A { -i|dJ| 2 -2|G| 2 + i|dJ JW | 2 } = 



M 



M 

dvol 7 e 4A { - - \dJ - 2 * G\ 2 + dGj(v A J 2 ) + - |dJjw| 2 } 



(7.12) 



M 



dvol 7 e 4A { 



dJ-2*G| 2 + -|dJjif} 



-(-) 

47r V4tt/ 



2/3 



M 



E 

p=l,2 



where we used (|2.4|) in the last step. We conclude that we have to include \ |dJjf| 2 into 
our analysis of the bulk action in order to take the Bianchi identity of G into account. 
Furthermore, we get an additional contribution to the boundary action. 

All things considered in order to obtain a BPS-like form of the potential the sum of 

, and the six terms of ( |7.11| ) 



7j |dJjf | 2 , the remaining linear terms of ( 



L 



1 



|dJju| 



1 



\dJ 2 M + 



32 



|dJ 2 j(f A J 2 ) 



1 



dJ 2 j(wAJ 2 ) j(lmdO ±J J 2 ) (7.13) 



18|dAjt;| + [ J A (d Jjf )] jlmdrjj_ + Re dVLj (v A d Jj_) + 3 Re d&j(dA A v A J) 
3(dAjv) dJjReO - 3(dAjv) Imd^jJ 2 + ^(dAjv) Re[dtlj(v AO)] 
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has to vanish quadratically for a supersymmetric setting. Inserting the expansion ( 4.1C] ) 
and reordering terms we get 

L =-|(dJj(u A J) -6dAji;| 2 + (RedJL<y)j[dJ-3dAA J] (7.14) 

+ ImdfL(J A (dJju)) - 24 ReMm Wi - 90 (dAjv)Im Wi 
= 6 \ReE + 3 dA^v\ 2 - 10 Im JUi(Re£ + 3 dAjw) - 8 Re V 2 j(2 Re W 5 + W 4 + 4 dA) 
+ 6Im J BReWi+6(dAju)ImVFi + r2jImW2 + Re5jW 3 . (7.15) 

Using the relations ( |6.9[ ) we see that all except of the last three terms of ( f7.15|) will indeed 
go to zero quadratically under SUSY. The last three terms vanishes linearly since dAjv, 
T2, and W3 are non-zero generically. However, we can rewrite (Re-EImWi) using partial 
integration and the fact that Im d W\ jv = under SUSY 7 

J dvo^e^Re-EImWi = -2 J dvol 7 e AA (dAju)ImWi . (7.16) 

M M 

Another partial integration shows that (d-Aji^ImWi will vanish quadratically under the 
integral, since 

J dvol 7 e 4A (d^ju)ImWi = ~\ f dvol 7 e 4A [(d m v m ) TmWi + ImdWuv] . (7.17) 

M M 

The second term on the right hand side gives zero, and therefore one obtains 

J dvol 7 e 4A [(dAjv) + ^(d m v m )]lmW 1 = . (7.18) 

M 

ImWi is an arbitrary function (not depending on the direction of v) and can be viewed as 
a test function. Thus e AA \{dAjv) + \ (d m v m )] integrates to zero. But under SUSY 
( 6.4b ) gives d m v m = V m v m = 7(dA_iv) which means that e 4A (dA_iv) will also inte- 
grate to zero when SUSY is imposed. Since ImlUi is zero in this case, too, we see that 
f dvoly e 4A (dj4_it>)ImWi will vanish quadratically in a supersymmetric setting. 
M Unfortunately, we did not see how one could argue in a similar way for the last two 
terms of ( |7.15| ). Thus we conclude with the surprising result that M-theory compactified 
on a general seven dimensional SU(3) structure manifold does not admit a BPS-like scalar 
potential, since in general the torsion classes T2 and W3 do not vanish. 
Gathering all terms together the bulk potential reads 



-= /dvol7e 4A ||dJ-2*G| 2 + |dfi ± | 2 + -|dJ?| 2 --|dO ± jJ 2 | 2 (7.19) 
k J I 4 4 1 1 



M 

1 — 

-dJ'ljJ' z - |Re(dfi_L_ifi) - dvjv - RedClj(v A J) 



2 . T 2 

+ |RedfLu| 2 + - lm[dQj(v A O)] x - Im[d^j(v A O)] — 2 dv±jJ — Re df^j J 2 
+ 2RedfL(u A J A (d«j__ilmfi)) - 3|dJj(t; A J) — 6dAjv\ 2 + 7 (dAjv)Imdn ± jJ 2 
- 2(RedfLw)j[dJj_ - 3d^ A J] - 2ImdO_Lj(J A (dJjw))} . 



+ duju + \dv±\ 



7 Here we used Re£dvol 7 = |djj(w A J) dvol 7 = jdj A J A J = yjdJ 3 
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One should notice here that it are the last two terms that spoil the BPS-like form 

^no-BPS = -J^f dvol 7 e 4A {(RedOjw)j[dJ ± - 3cL4 A J] + Imdf2j_j(J A (dJju))| 

M 

= j dvol 7 e4A { 24lmW l( dAjV ) + ReSjW 3 +lmW 2 jT 2 + 6ImEReW l ( 7 - 20 ) 



M 



+ 14 Im W\ (Re E + 3 dA^v) - 8 Re V 2 j(2 Re W 5 + W 4 + 4d,4) } . 
However, for e.g. S = = T 2 also this part of the potential reduces to a BPS-like form 

^no-BPS S = -7^2 [ dvol 7 e 4A \^-[dJ ± ^J - 6 a 2 - ^Re(dn ± M)]j[Ren4v A J)} (7.21) 

M 

+ ^Im[dOj(?; A n)] Red^ ± jJ 2 + — (d^jv)ImdO_LjJ 2 } . 

So we wee that it is in general not possible to bring the bulk part of the potential to a 
BPS-like form. But by setting the terms containing T 2 and W3 to zero such a form can be 
reached. 

7.2 Boundary potential 

The boundary potential receives contributions from two sources. Besides of (|3T9bp one 
also has to include the boundary piece obtained by integration over the Bianchi identity 
in ( |7.12j ). Before combining the two pieces one has to make sure that both are given in 
terms of the same metric g' 10 that we introduced in section ||. However, going from g\o to 
g' 10 does not lead to new contributions from K^ p \ Thus the boundary potential is given by 



Vb = stiO 2 ' 3 £ / dvol^e-'^{-l|e--'^)-12|d^H 2 (7.22) 
+ (Tr\jfhj\* + 2Tr|(J-( 6 )) 2 <°| 2 ) - Utt\R p %,J\ 2 + 2Tr|( J R( 6 |') 2 '° |2N 



4e" 2A ' (ViV^'XWV) - 8 |cL4'_iff| 2 } . 



Since for a super symmetric vacuum we have to restrict to Minkowski space R^ will vanish. 
Also the terms containing J- p will vanish by the SUSY conditions (6.3). Let us consider 
next the dA' terms. From ( |6.5a| ), fl6.8p , and the relation A' = A + |cr we know that 

-2dA' + d<7 x + dv^v = , (7.23) 

where d<7j_ denotes as usual the part of d<7 that is perpendicular to v. Thus in order to 
obtain dA' = for a SUSY vacuum the identity d<7j_ = —Wo should hold. Since we did 
not specify a yet, we choose it in such a way that the above equation holds. In section ^3 
we will see a justification for this choice. 

The last terms to consider are the R p + terms. These vanish if R p e + is (1, 1) and 
primitive. For the heterotic string this can be shown by using the integrability condition 

1 



Y/het 1-7 hot 



r/het = jRklijl ?7het , (7.24) 
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where 'het' denotes that the various objects belong to the heterotic string (see e.g. [10, 
30,35]). We thus trace back the problem to the heterotic setting. In order to do so one 
has to determine how the seven dimensional covariant derivative V m which appears in 
( 6,4bj ) is related to its six dimensional counterpart at the boundary. This is an quite easy 
task in type IIA supergravity, where the geometry close to the boundary can be chosen 
to be independent of the extra dimension (see e.g. [34]). In Horava-Witten theory this 
gets changed by the non- vanishing of the four- form flux Bianchi identity. However, the 
modifications appear only at order k 2 / 3 . Since the boundary terms are already of order 
k 2 / 3 one can consistently neglect the corrections and work in the type IIA setting 



dsi 



e- a (ds' 6 )' z + e^dx 11 



(7.25) 



with a and g' e independent of x . A calculation along the lines of [34] shows then that 



VI (e^ 



Then, on each boundary 
(efr?+) = 



1 

4 ( 



V (6)' v (6)' 
-t ' -3 



6-4 



V (6)' V (6)' 
-t ' -3 



1 



(7.26) 



^ 1L -mnt] I '/+ 



0(k 2 / 3 ) , (7.27) 



which is precisely the condition one obtains for the heterotic string. Prom this it follows 
that R^l_ is (1,1) and primitive up to C(k 2//3 ) which is sufficient for our analysis as the 
boundary potential is already of order k 2 / 3 . 



We conclude that the boundary potential can be rewritten in a BPS-like form, although 
this is not possible for the bulk potential. The fact that a BPS-like form of the potential is 
not available in general does of course not mean that our ansatz is inconsistent. It merely 
states that in addition to the Bianchi identity and the SUSY conditions the ansatz has to 



satisfy further restrictions that come from the variation of ( 7.20 ) in order to ensure the 



equations of motion. On the other hand (7.21) tells us how to restrict our compactification 
ansatz if we wish to get a BPS-like scalar potential. For example if one chooses a manifold 
for which T2 , and Re S vanish identically (and not only if SUSY is imposed) then the whole 
action can be written in terms of squares of the supersymmetry conditions. However it 
would be nice to see whether our findings give the correct results when restricted to well 
known geometrical settings. This will be discussed in the next section. 



8. Limiting cases 

In order to strengthen our results we will show that they reduce correctly in the three cases 
of G2 holonomy, six dimensional SU(3) holonomy, and the heterotic limit. 

8.1 G2 holonomy 

It is well known that compactifications on manifolds with G2 holonomy do not allow four- 
form flux G. Hence they are not viable for Horava-Witten theory where G is necessarily not 
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zero. Nevertheless, one can ask whether our formulas behave in the right way in this limit 
although we know that they will not give a solution for heterotic M-theory. In particular, 
we expect the curvature scalar R to be zero for a G2 holonomy manifold M. Furthermore, 
once the SUSY conditions are satisfied also the G flux should be set to zero and the warp 
factor A should be constant. 

G2 holonomy is specified by the conditions 



dtp 







and 



Applying these conditions to the decomposition 
one finds that for G2 holonomy manifolds 



dip = . (8.1) 
of (f) and ip in SU(3) structure forms 



ReW! 
ReUi : 



ImE 



1 



lmW 5 , 



-R , ImWi 



ImVi 



ReE . 



1 



ReW,, ReS 



-ReW 2 , Ti = lmW 2 , 
W 3 , JjWq = 2ImF 2 



W = W 4 + 4 ReV 2 = ReW 5 + 2 ReV 2 . 
These conditions do clearly not imply that all SU(3) torsion classes vanish. This means 



that although it is clear from (8.1) and ( |5.3[ ) that R = it is a non-trivial consistency 
check for our results that the scalar curvature also vanishes in Q7.4| ) for a G2 manifold. 

In order to check the equations (\T%, too, we split d<p and dip into parts proportional 
and perpendicular to v and find the four conditions 



Redftj 

Im dVt_ 
dJ, 



3 a 2 A Refi , 

a 2 A J 2 - dv± A ImQ . 



(8.3) 



1 



-dJ^jv + (5a 2 + dvjv) A Imfi - (d^jw) J 1 , 



(6dA + dwjw) A J + RedSljv - 3 (d^jv) Reft . 
Plugging these into (7.7) one can express the first line of ( |7.4| ) solely in terms of dAj,v 

-6d^ju, (8.4) 



\ |d-0_iV| 2 - ^ |#| 2 - - |d^| 2 + - |d0_i-0' 2 



while the rest of (17 



2 1 T| 2 

reduces to 12|a 2 1 2 + 18|dAju | 2 . We thus see that 



J dvol 7 e 4A {i? - 8V 2 ^ - 20d^ 2 } = 12 J dvol 7 e 4A \dA\ 2 



(8.5) 



M 



M 



which is just what one gets by setting R = and integrating by parts. This means that 
our formulas give indeed the right results in the G2 holonomy limit. 

Coming to the SUSY conditions one immediately sees, that the combination of the 
conditions (|6.9| ) and (|8.2[) leads necessarily to the vanishing of all torsion classes and all 
flux components. Since this is what is expected for a G2 holonomy compactifications, we 
see that also here our formulas provide the correct answer. 
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8.2 SU(3) holonomy 

Next we consider manifolds M that obey 



dJ 



and dO 



0. 



3.6) 



This means that locally M splits into a six dimensional manifold of SU(3) holonomy (i.e. 
a Calabi-Yau three-fold) times a line in the direction of v. Globally however there can still 
be dependencies of J and Sloinj and hence dJ 7^ 7^ dO. In terms of torsion classes this 
can be achieved by setting W{ = for i = 1, . . . , 5. Since this will cancel all terms that do 
not vanish quadratically when SUSY is imposed from ( 7.15 ), for this case a BPS-like form 
of the bulk potential is possible. 

But before we come to the potential let us again check whether our formulas are 
consistent. We have now 

d(f> C 'Y = dv A J + v A (Re dQjv) and dip C Y = ^ v A (dJ 2 j<u) + dv A lmfl . (8.7) 



Plugging these directly into we find 
Jdvo\ 7 e AA R = J dvo\ 7 e 4A [^\dJ 2 4vA J 2 )| 2 - i|d/ 



JV 



2 — — iRedfijvl 



1 r 1 1 

- g | d ^| 2 + (Red^j(v A J)) j -RedOj(v A J) — Imfijdvi - 2lmTtj({dvjv) A dv ± ) 

+ -Im[dOj(u A O)] x [-ImfdOj^ A fi)] - 2du_Ljjj - 4RedOj(w A a 2 A J) 
8 L4 

+ 4Imilj(a 2 A d^) + 8dvj(a 2 A u) + (dA_iv) (dJ 2 j(t> A J 2 ))| . 
On the other hand, working with Q7.40, (JtfTft), and (|7.8[) we get 



I| d ^| 2 + I| d ^| 2 _I| d ^| 2 _I| d ^| 2 _12|d^| 2 = l\dJ 2 4vA J 2 )f 



1 



1 



1 



-iRedOjul --|dJ 2 ju| — — |dwj_| + 2 dvj(a 2 A v) - 2ImOj((d?;_i7;) A dv±) 
2 8 2 

1 - rl - 1 ,2 

+ -Im[dO_i(u A J))] x — Im[df2j(t> A £1)] — 2dv±jJ - RedOj(v A a 2 A J) - 12 \a 2 \ 
8 L4 ' J 

rl 1 2 

+ (Redfij(uAJ))j -Redfij(u A J) - ImOjdt>_L + 7ImO_i(a 2 A dv±) — 18 |dA_w| 



which gives exactly ( |8.8[) when inserted into ( |7.4|) . This confirms that our formulas are 
correct. 

The bulk potential in this Calabi-Yau limit reads then 



1 



J dvol 7 e 4A {| 



V =— dvol 7 e 4/ N dJ-2*G -3 \dJJv A J) -6dAjv + \dv +40|a 2 | 

M 



.10) 



I 1 2 1 1 2 

|8a 2 — dvjv\ + 4 02 — dwjv + Imfi jdyjl 
-Im[dfi_i(v AO)] j 2 - |RedfL(w A J) + 4a 2 - dvjv + ImOjdu_L| 2 } • 



|Rediljw| + |dt;_LjJ 
1 
4 
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As we have explained at the beginning of this section this potential is of BPS-like form. 
This becomes clear from ( |6.9[ ) which states that for W\ = . . . = W§ = all torison classes 
except Re-E and T2 have to vanish under SUSY and that Rel? = — 3dA_>v. This means that 
a,2 = and that dJ j{v A J) = 6dA_>v under SUSY, respectively. So we see that all squares 
vanish for a supersymmetric setting. Furthermore, the only component of the four-form 
flux G that is not zero is F 2 ' 2 . This is in accordance with the necessity of a non- vanishing 
F in Horava-Witten theory. But it is also consistent with the fact that one expects zero H- 
flux once one reduces the theory to a heterotic compactification on a Calabi-Yau manifold. 
In order to see how this precisely works we will consider the ten-dimensional limit in the 
next section. 

8.3 The ten-dimensional limit 

The most important consistency check of our previous results is the reduction of M-Theory 
to the heterotic string sector. The reduction is obtained by first performing the standard 
reduction of M-theory to type IIA theory as described e.g. in [34,36] and then taking the 
limit up — > to move the two hyperplanes that are supporting the gauge fields on top of 
each other. This procedure should eventually lead to the results found in [10]. The eleven 
dimensional metric is then given by 

ds 2 n = e-^ds 2 + ef*(dx n + Ctf = e 2A '-^(ds' 4 ) 2 + e"§*(d4) 2 + et*(dx n + C x ) 2 . 

(8.11) 

Here $ is the ten dimensional dilaton and A' is the warp factor belonging to a compact- 
ification of string theory to four dimensions. g\ denotes the metric of the emerging four 
dimensional space, g'§ of the compact six dimensional one, respectively, and C\ is a one-form 
potential. Since we want to compare M-Theory compactifications to warped Minkowski 



space we take g 4 to be the Minkowski metric. Comparing (8.11) with the previously defined 



metrics ( p.l|) and (3J3) we see that 

2A' = 2A + \® = 2A + a, ds 2 7 = e~§*(d4) 2 + et*(dx n + df , (8.12) 
where we remind the reader that a was the field used to describe the metric at the boundary 



in section |3.1| . This means that the seven dimensional space M splits into a six dimensional 
base B and a one dimensional fiber. Since locally every seven dimensional SU(3) manifold 
can be decomposed into a six and a one dimensional part and since this one dimensional 
piece is distinguished by v, we can also write 

ds 2 . = dsl + v® v . (8.13) 

Thus the metric g% that we used to construct the SU(3) structure and the metric g' e ap- 
pearing in ( 8. 11| ) are related by g§ = e~ 2 ^^g' 6 which gives J = e -2 */ 3 J' and fl = e~*0'. 



For the one form v we get 

v = e l* (dxn + Ci) . (8.14) 
From the SUSY conditions for v (]6.5|a) it follows that 



d^ + \d<S> = dA' = 0, dCi = , (8.15) 
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as it should be for the heterotic string. We also see that dvjv = Wo = —2/3d<&± = — da±, 
which justifies the choice we made for a in section |7.2| . 

Since (dA_iv) is not zero, these equations also imply that the dilaton does depend on 
the ^-direction. This is not the case in the heterotic theory, and in order to see how this 
dependence vanishes, it is necessary to analyze the behavior of the flux F when the two 
hyperplanes are moved together. From equation fl2.5|) we have 

F oc \e(x u )KW - + K^)\ . (8.16) 

I -irp J 

For irp — > one can approximate the average of F over the eleventh dimension by 

Jdx 11 e 2 */ 3 F e 2 *(°)/ 3 J dx 11 F 
lim (F) = lim — ^ lim — oc lim (K^ - K^) . 

Trp^O np^O j P dxlle2ib/3 -P^O e2$(0)/3 j P dxll -P^O 



(8.17) 

When the two hyperplanes are put on top of each other = and hence F = 0. For 
this reason we conclude that we can also set (dAjv ) to zero, once we go to the heterotic 
limit. A similar reasoning shows that dJjv = dQjv = for np — > 0. 

The supersymmetry conditions of [10] can then be re-derived from our results (|6.5[) 



e 


-4A d 




2 * G = 2 * 


(vAH) 


=4> e" 


-4A'- 


f2$ d 


e 4A ' 


~ 2 *J') = 2 




e~ 


-2A d 


y A JAj) 


= -AvAG 


= 


=4> e" 


-2A'- 


f2$ d 


e 2A ' 


- 2 * J' A J') 


= o ( 


e~ 


-3A d 


;^n) = 







=4> e" 


-3A'- 


f2* d 


e 3A ' 


- 2 *fy) = 





(8.18) 



Note that in the first line one also has to rewrite the Hodge star, *(vAH) = e~ 2 / 3 * *'qH , and 
that we have to rescale H by a factor of —2 in order to find complete agreement with [10], 
due to our conventions. This shows that our SUSY conditions are indeed compatible with 
the SUSY conditions found for string theory compactifications on six dimensional SU(3) 
structure manifolds. 

Due to the restrictions dA_iv = dJ^v = dSljw = in the heterotic limit the linear piece 



(7.13) is identically zero and the bulk potential simplifies to 



V - 

4 K 



l — [ dvol^e 4A, - 2 *{|dJ'-2 *' 6 H\ 2 + |dJV| 2 -~|dJy j J' 2 | 2 + ~|dJT 
^10 J 4 4 



B (8.19) 
i dJ /2 jJ' 2 - i Re(dfi'jO') + 4dA'\ 2 + 2 |dA'| 2 } . 



All squares appearing in this formula are taken with respect to the metric g' e in order to 
get the right factors of and we have absorbed the length of the eleventh dimension into 

,2 

"10- 

as found in [10]. 



the ten dimensional coupling k? = 2irpK 2 r,. This is indeed the action to lowest order in a' 
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The result for the boundary potential is even more easily obtained. Setting 3a = 2<E> 
and adding the contributions of the two boundaries gives 

H = ^/ dvol^'-* (Tr|4 6 8 ) xEgJ jP + 2Tr|(4 6 ) xE /.Y) (8.20) 
'dvol^'- 2 * (Tr^f.Jl 2 + 2Tr|(i?f) 2 '°| 2 ) 



10 fl 



a' 

8k 2 

B 

a 



J dvol^e 4 ^" 2 * {8e^ A ' (V l V J e A ')(V i V^e A ') - 16\dA'jH\ 2 - 12|dA'| 4 } • 

° B 



This is the 0{a') result of [10] once the rescaling of H is performed. We thus conclude 
that also in this limit our formulas provide the right results since we obtain exactly the 
scalar potential of the heterotic string compactified on an SU(3) manifold. 



9. Conclusion 

In this paper we considered compactifications of Horava-Witten theory on seven dimen- 
sional manifolds with SU(3) structure. In particular we shed light on the question whether 
it is possible to rewrite the bosonic action in a BPS-like form, by which we mean a form 
that is quadratic in the supersymmetry conditions and hence obey the equations of motion 
automatically once SUSY is imposed. 

The main obstacle in this analysis has been to rewrite the scalar curvature R in a form 
that makes manifest its dependence on SUSY. We solved this problem by first rewriting R 
in terms of the G2 structure forms <j) and ip and then in terms of the SU(3) structure forms 
v, J, and fl. 

Taking into account the warp factor A and the Bianchi-identity of heterotic M-theory 
led to terms that vanished at most linearly under SUSY. We analyzed these terms and 
found that despite our expectation it was not possible to cancel all linear terms. So our 
conclusion is that it is in general not possible to put the bosonic action of Horava- Witten 
theory into BPS-like form. 

We confirmed our findings by crosschecking them in various limits. We showed that 
in the three limits of G2 holonomy, six dimensional SU(3) holonomy, and the reduction to 
the heterotic string, respectively, our equations are self-consistent and yield the expected 
results. 

Since one of the main motivations of this work was to provide the domain wall SUSY- 
breaking scenarios of [10] with a strong coupling limit, one obvious question is how to lift 
DWSB-scenarios to M-theory in this context. Since the analysis of DWSB starts with a 
BPS-like background, one should expect that also the M-theory lift has a BPS-like form. 
The simplest realization of this, that also allows for a general SU(3) compactification of 
the heterotic string, is then given by a seven dimensional manifold with SU(3) structure 
which satisfies dJ_it> oc J and dVijv oc $7. This means in particular that the torsion classes 
S and T2 are identically zero and hence no linearly vanishing terms survive. Having such 
a manifold one can then ask what happens if d(l = does not longer hold, i.e. study the 
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strong coupling limit of DWSB. However, this analysis is beyond the scope of this paper 
and will hopefully be given in another publication [37]. 
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A. Conventions 



There are various sorts of indices appearing in the paper. We denote with M,N, . . . all 
eleven dimensions and with I,J,... the first ten dimensions. m,n, . . . will be used for 
the seven internal dimensions and for the first six internal dimensions. The Greek 

letters [/,, v . . . will stand for the four dimensional external space-time. 

Our conventions on gamma matrices are as follows. T N denotes gamma matrices of 
SO(l, 10) which are 32 x 32 matrices. We split the T N according to 

F» = 7 ^ ® 1 = e~ Af f ® 1 , r m = 7 (4) ®7 m . (A.l) 

The 7 M are taken to be real and symmetric 4x4 matrices, while j m are purely imaginary, 
antisymmetric, and 8x8. The four dimensional chirality operator is defined as 

7(4) = i 7 °7 1 7 2 7 3 • (A.2) 
From r 10 r 10 = 1 and T 10 = T° • . . . • T 9 it follows that 

yV° = -i7 4 ---7 10 = l • (A.3) 
An explicit representation of these gamma matrices can be found as in [38] and is given by 



-a 1 ' 7 U 1 ' 7 a 3 ' 7 a 1 



(A.4) 



7 4,5,6 _ ( ^ \ 7l8 , 9 _/ ^ 2 - 3 10 _/ -iU 

7 " ^ a 1 ' 2 ' 3 J ' 7 " l^ 1 - 2 ' 3 j' 7 " 
With a 1 the Pauli-matrices, the 4x4 matrices a 1 , /3 J are given by 

<* = ( o> = f ° 3 t 3 V "^f-" 2 °,' 

\ -icr 1 / Wct 3 / I — cr 



(A.5) 



Defining -y m i--- m ™ = <yl m i . . . j m n] the relation between the antisymmetrized product of 
n and 7 — n gamma matrices is 

yni...m„ _ j ^_^l+n(n-l)/2 _]_ £ mi...m„ yn n+ i...m 7 (A. 6) 

(7 — n)! n+1 

Due to our manifestly real gamma matrices the Majorana condition on an 11 dimensional 
spinor e simply reads 



A slash will denote normalized antisymmetrized contraction with gamma matrices 

#v = ^/T ni - np (A P ) m ...n p , (A.8) 

while j is used to contract forms 

A ,R — - A R ni...n 9 j mi...m p _ g ( A Q) 

rt-p^Dq — ^_^y^^n 1 ...n q m 1 ...m p ^ q ^ ■ 

The formulas most frequently used for our calculations are 

Jmp — $m ^ ) ^mpq ^ ^ — 8 (<5 m -|- i J m V m V ) , 

Jmn^ ^mnp'^' i Jm ^qnp i^mnp (A. 10) 

2 * J = t)A JA J, *S7 = -2i>A$7. 

B. Scalar curvature 

In this section we would like to show how to obtain Q5.3] ) from [16]. For more details on 
the notation we refer to this paper. We start with their equation (4.27) R = 6 4> mnp T mnp , 
which can be rewritten as 8 

R = 6<p mnp T mnp = A5ti + Bt% + C |n| 2 + D\t 2 \ 2 + E |t 3 | 2 . (B.l) 

The only two quantities not given in [16] are Tmnp and 5t\ . To obtain T m np 

one calculates 

the covariant derivative of the torison t (not to be confused with the torsion classes) using 
(4.9) and (4.19) of [16] 

Dr n = dr n + 9 n m Ar m - 4> n mp T p A r m (B.2) 

= (dT n m ) A u m + T n m du, m + 6 n m A r m — </> n m % A r m 

= (dT n m - T n p 9 p m + T p m 6 n p ) A uj m — (2^ T n r T q p + </> n *« T p T r "> p A uj m 

= (S n mp - 24> r mq T n r T q p - <p n rq T q p T r m )ujp A oj m 

= ±T n mp u p Au m 
and hence 

Tmnp — 2 S m np 4 (f)qp r T m ^ T n 2 <j) m qr -^~"r> T n ' 0^**V 

From this we obtain for R 

R = - 12 (T"P(S m „ p + 2 <V T m 9 n + cp mqr T% T\ ) (B.4) 
- 12 <T nv Smnp + 36 (T n n f + 12 V™ T m „ T p9 - 24 T mn T mn - 12 T mn T nm . 

For 5ri we get 

8 n = - * d * n = - <T" P 5 mnp - 2 V™ T mn T pg - 2 T mn (T mn - T nm ) . (B.5) 



3 We changed the e- notation of [16] such that e mnp = 4> m n P and e mnpq = ipmnpq- 
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The torsion classes, defined through 



dip = tq ip + 3ti A <p + * T3 , dip = 4ri A ip + T2 A <p , (B-6) 

are given by 

ro = ~d<^/> = yT/ (B.7) 
n = -^d<^</> = ^dW = ^T mnWp 

r 2 = i(d^-*d^)-2n-i0 = -*d^ + 4ru(A = (-^^ + 4^") Wp Aw 5 

The squares of these are 

r 2 o=^{T n n ? (B.8) 

I _ 1 2 _ i mnpq rp rp , rpmn (rp _ rp \ 
I'll — Y ± mn ± pq i ± \- L mn ± nm) 

I t~2 I — 12 "0 ^T mn Tpq -\- 24 J 1 (T mn T nm ^ 
|r 3 | 2 = -™(T n n ) 2 + 36T mn (T mn + T nm ) . 

Comparing terms containing ,S mnp , (T n ™) 2 , V™ T mn T P9 , T m ™ T mn , and T m ™ T nm , respec- 
tively, in ( |B.1| ) and ( |B.4| ) one gets equation (4.28) of [16] 

R = 12 < 5T 1 + yr 2 + 30|T 1 | 2 -i|r 2 | 2 -i|r 3 | 2 . (B.9) 

Using (4.16) of [16], dip = ip mn Pi r m A co n A co p A uj q and dtp = -6r p A w p A (p, it is possible 
to show that 

|d0| 2 = 36 [2 (T n n f + 2 T mn T mn + ^ mn ™ T mn T pq ] (B.10) 
|d^| 2 = 36 [2T mn (T mn - T nm ) + T mn T pq ] . 

From these expressions we find 

|r 2 | 2 = |dVf -48|n| 2 (B.ll) 
|t 3 | 2 = |d^| 2 - 361-nl 2 - 7|t | 2 , 

leading to the final expression for the scalar curvature 

R = 125r 1 + ^T o 2 + 72|r 1 | 2 -i|d0| 2 -i|d^| 2 (B.12) 

= - v m (diM) m + \ id«i 2 + \ id^vi 2 -\\d<p\ 2 -\ . 
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C. SUSY constraints 



In this section we give the full list of constraints coming from the external SUSY variation 
(6.4a). In these tables 'Ext' stands for equation ( |6.4a ) and 7[ n i denotes n antisymmetrized 



gamma matrices. 

Table 1: Constraints from 5^ M = coming from r/ T 7r I jiExt+Ext T 7r„i77. 
72e- A w Z + {^)i Mz uG llhhh = 

4i/i(S 3 ) mnp + 6e" A w (X 3 ) mnp = Q{t>A)hmn P d h A + 3(£ 3 ) aia2[m G aia2 npl 

pg] 



\l% [mnG 



3e A w (T l j) 

mnpqrst 



Table 2: Constraints from 5^ p = coming from 77 T 7[„]Ext-Ext T 7[ n ]77. 
18e- A w (S 1 ) m + (t 3 ) hl ^G hl2hm = 
9(S 3 )i 1 mn9 il A + (S 4 ) /l/2/3[m G ili2/3 n] = 9e- A w (Z 2 ) mn 

[mnG 1 p q r ] — 3e W7o(Sg 

3e~ A wo(Y l Q) mnpgrs + 20(E 4 ); 1 [ mnp G fl grs | 



-J 5 )mnpqr 

= 



Table 3: Constraints from — coming from 77^7[„]Ext+Ext T 7[ n i7y. 
72(X 1 ) h d h A + (Z 4 ) h i 2 i 3 i 4 G hl ^ = 
72S 9 m A + {^) mhl2hh G hl ^ = 

72(S 3 ) mnZl ^A+ (S 6 ) mnhW3/4 G ili2 ^4 = i2G mnlll2 (Z 2 ) hh 

e~ A U)Q(S 3 )mnp — e~ A Wo(^3)mnp + 6(£ 2 )[ mrl dp]j4 + M (^Jmnpi^isi^ 1 ' 2 * 3 * 4 
= (^3) llh [ m G np]hh 

mnpq + e" A ^(S 4 ) mnpq 2(5j 5) ^mnpqd 1 A + gG mnp qS() 

= 2(S4)j 1 « 2 [mn^ 1 2 p9 ] 
3(^-4) [mrapg^r]^ + (Sl)[ m G n pg r ] = (S5); 1 j 2 [ mn pG il ' 2 (?r ,j 
5(S6)i 1 i 2 [ mrap gG ili2 r , s | = 2(Sy)/ imnp g rs (9' 1 J 4 + 10(S2) [mnGpqrs] 



6{^6)[mnpqrsdt]A + 10(S 3 )[ mnp G grst ] — 3(£7)y 2 [ mnpgr G 



ilia 
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Table 4: Constraints from = coming from ^^[^Ext-Ext^^Ty. 

/iS = 

§^(£i)m = 2(X 2 ) hm d h A + \{^) hhh G hl2hm 
6i/i(E 2 ) ron + 18(£i) [ro 3»U + (S 4 ) ili2i3[m G /l/2 \ ] = 

mnp 

= 3e- A ^ (S^) m „ p + 3e- A ^(S 3 ) m n P + 6(£ 4 );„<9M + (£5)^/3 [m^ 1 ' 2 ' 3 
9e _A w (£ 4 )mnpq + 12z//(£ 4 ) mnp q + 72(S 3 )[ mnp 5 ? ]^4 + 4(S 6 ) /l/2/3 [ mnp G ili2i3 ^ 

= 9e' A ^(S 4 ) mnw + 24(S 2 ) il[m G Zl npg] 
12i[i(Y, 5 ) mnpqr + 60(S 3 )^ 1 [ mn G ! ' 1 p9r .j 

= 18(S6)/ im .npgr5 /l ^4 + 5(T l7 )i 1 i 2 i. i [ mnpq G lll2! ' 3 ^ 
i^i^&jmnpqrs + 9(S5)[ mnp9r 9 s ] J 4 = 10(S 4 ); 1 [mpG^^] 

2ifl(Yif) mn pg rs t + 35(^5)^ [ mn pqG 1 rst ^ = 
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